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$[-1, +1]$ ( ) $\varphi(x)$ . $\varphi(x)$
$\int_{-1}^{+1}\varphi(x)x^{k}dx=0$ , $k=0,1,$ $\ldots,n-1$






. $[-1, +1]$ $\varphi$
$\varphiarrow\int_{-1}^{+1}\varphi(x)dx$












$\varphi$ $\chi$ pairing , $\varphi,$ $\chi>$ .
$\varphi,$ $\chi>=\int\varphi(x)\chi(x)dx=\int_{-1}^{+1}\varphi(x)dx$ .
, $\chi$ . $\chi$ ,













$\chi$ $x\chi$ $\varphi,$ $\chi>=<\varphi,$ $x\chi>=0$ .
, , $x\chi$ .
$(x \frac{d}{dx}-1)x=x^{2}\frac{d}{dx}$ , $\frac{d^{2}}{dx^{2}}x=x\frac{d^{2}}{dx^{2}}+2\frac{d}{dx}$
, $x\chi$ .





. , $[-1, +1]$
, $\chi,$ $x\chi$ (cf. [4]). ,
$(x^{2}-1)^{2} \frac{d^{2}}{dx^{2}}u(x)=0$
, $\chi$ $x\chi$ .
, .
$D$ $I_{1},$ $J_{1}$
$I_{1}= \langle(x^{2}-1)\frac{d}{dx}\rangle$ , $J_{1}= \langle(x^{2}-1)(x\frac{d}{dx}-1), (x^{2}-1)^{2}\frac{d^{2}}{dx^{2}}\rangle$
67
. 4 $\chi$ , $J_{1}$ $x\chi$
, $I_{1}\cap J_{1}$ $\chi$ $x\chi$
.
.
$I_{1} \cap J_{1}=\langle(x^{2}-1)^{2}\frac{d^{2}}{dx^{2}})$ .
,
. .
$\chi$ $x\chi$ $Pu=0$ $P\in I_{1}\cap J_{1}$









$I_{1}$ , I2, $J_{1}$ .
$I_{1}=((x^{2}-1) \frac{d}{dx}\rangle, I_{2}=((x^{2}-1)^{2}\frac{d^{2}}{dx^{2}}\rangle, J_{1}=((x^{2}-1)(x\frac{d}{dx}-1), (x^{2}-1)^{2}\frac{d^{2}}{dx^{2}}\rangle$ .
, $I_{1}\cap J_{1}=I_{2}$ .
,
$A=(x^{2}-1) \frac{d}{dx}$ , $B=(x^{2}-1)(x \frac{d}{dx}-1)$ , $C=(x^{2}-1)^{2} \frac{d^{2}}{dx^{2}}$
. .
1 .
(i) $C=((x^{2}-1) \frac{d}{dx}-2x)A$ ,










. , $x(2x)-2(x^{2}-1)=2$ (i), (ii) (iii) .




$D$ $t$ , $D[t]$ $\tilde{I}$ .
$\tilde{I}=\langle tA, (1-t)B, (1-t)C\rangle$ .
, $\tilde{I}\cap D=I_{1}\cap J_{1}$ , Buchberger
$\tilde{I}\cap D$ .
, tA $(1-t)C$ S- ,
$((x^{2}-1)-2x)tA+(1-t)C=C$
, $C\in\tilde{I}\cap D$ .
, tA $(1-t)B$ S-
$S_{1}=xtA+(1-t)B=(xA-B)t+B=(x^{2}-1)t+B$









$\tilde{I}$ . $t$ $\langle$ . Buch-
berger , $\tilde{I}$ $t$
$C$ . , $S_{2}$ $S_{3}$ S-
,
$xS_{3}-S_{2}=x(x \frac{d}{dx}-2)B-\frac{d}{dx}B=((x^{2}-1)\frac{d}{dx}-2x)B=xC$
, $C$ . $\tilde{I}\cap D=\langle C\rangle$
.
$\chi,$ $x\chi$ $(x+1)\chi,$ $(x-1)\chi$ ,
,
I2 .














, $x^{2}\chi$ . $B,C$
$B=(x^{2}-1)(x \frac{d}{dx}-2)$ , $C=(x^{2}-1)^{3} \frac{d^{3}}{dx^{3}}$
70
, $B(x^{2}\chi)=C(x^{2}\chi)=0$ . $J_{2}$ , $J_{2}=$













. $\tilde{I}=\langle tA, (1-t)B, (1-t)C\rangle$ .
$C=((x^{2}-1) \frac{d}{dx}-4x)A$
tA $(1-t)C$ $\mathrm{S}$- $C$ $I_{2}\cap J_{2}$
( ). , tA $(1-t)B$ S-
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